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Abstract

The Petri Box Calculus (PBC) combines two well known
paradigms of the design of concurrent systems: process
algebras and Petri nets. In our first proposal of sSPBC
(stochastic PBC) [12] we defined a Markovian extension
of finite PBC, i.e., we had a Markovian process algebra for
which both an operational and a denotational (based on
stochastic Petri nets) semantics were defined. Our goal in
this paper is to improve the semantics for the synchroniza-
tion operator, in order to define a stochastic equivalence
relation.

Keywords: Petri Box Calculus, Stochastic Petri Nets,
Stochastic Process Algebra, Performance Evaluation.

1. Introduction

The Petri Box Calculus (PBC) [3, 4, 5, 6, 7] is a model
used for the description of concurrent systems that has, for
instance, the algebraic advantages of the process algebras
and the structural advantages of Petri nets. This algebraic
model separates the synchronization operator from the par-
allel one, in contrast to the way in which the synchroniza-
tion is handled in classical process algebras, such as CCS
[14], where the synchronization is embedded in the parallel
operator. The main property of this algebra is that its op-
erators are selected in such a way that it is relatively easy
to define a denotational semantics based on a class of la-
belled Petri net, called boxes. Two extensions of the lan-
guage including time have been recently defined, namely
tPBC [10] and TPBC [13]. Our contribution is the defini-
tion of a new extension of the basic model considering mul-
tiactions with stochastic delays, thus obtaining a stochastic
(Markovian) extension of PBC called sPBC. These delays
associated with multiactions are interpreted as the time that
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must elapse until the corresponding multiaction can be exe-
cuted (computed from the instant in which it was activated),
but the execution of multiactions takes no time. Therefore,
in sPBC each multiaction will have associated a random de-
lay which follows a negative exponential distribution. Thus,
a (basic) stochastic multiaction will be represented by a pair
< a,r >, Where « represents a (classical) multiaction of
PBC and r € R is the parameter of the associated expo-
nential distribution. Moreover, in case of conflict we adopt
the race policy, i.e., whenever two or more stochastic multi-
actions are possible, the fastest one is executed, in the same
way as this race policy governs the dynamic behaviour of
Stochastic Petri Nets [1].

In order to define the denotational semantics of SPBC we
have extended the plain boxes of PBC to obtain a stochastic
version, on the basis of Stochastic Petri Nets. Note the main
consequence of the introduction of a continuous distribution
(negative exponential) to measure delays of multiactions:
the probability for two or more stochastic multiactions to
be executed at the same time is zero; and the same is true
for Stochastic Petri Nets: two or more transitions have zero
probability to be executed in parallel (even if they are simul-
taneously enabled). As a consequence, we get a total order
semantics, i.e., a semantics that satisfies the Total Order As-
sumption (TOA) [2]: All execution sequences of observable
multiactions are totally ordered by precedence, as opposed
to the partial order semantics (true concurrency) exhibited
by PBC. Even so, we still have a certain degree of paral-
lelism at the low level, because we are dealing with mul-
tiactions (multisets of actions), and thus, a process evolves
by executing a multiset of actions in a single step.

In a previous paper [12], our goal was to keep as far as
possible, both the syntax and the operational behaviour of
the operators of PBC, but extending them in the adequate
way, according to the stochastic interpretation. For instance,
for the new multiactions generated by the application of the
synchronization operator, we needed to select a new param-
eter for the corresponding exponential distribution and sev-
eral criteria could be applied to do it (see [9]). We con-



cluded that a good option could be to take as the value of
the parameter the least of the values involved in the synchro-
nization, which at the intuitive level could be interpreted as
taking the delay of the slowest of the values involved in the
synchronization as the delay of the new multiaction (captur-
ing the synchronization). But with this definition we have
found some problems in order to define a stochastic equiv-
alence relation, which has motivated this new proposal for
the synchronization, which is the main goal of the present
paper. With this new proposal for the synchronization we
will be able to define an adequate stochastic equivalence re-
lation.

The paper is structured as follows: in Section 2 we
present an overview of the syntax and the operational se-
mantics of finite sSPBC (for a fully description, the reader is
referred to [12]). Our new proposal for the synchronization
is introduced in Section 3. Finally, Section 4 contains some
conclusions and the future work.

2. The Stochastic Petri Box Calculus

2.1. Syntax of Finite sSPBC

In this paper we only deal with finite processes, since
the definition of the denotational semantics for the recursion
and iteration operators requires a more sophisticated formal
treatment, as occurs in PBC. From now onwards we will use
the following notation:

e A will be a countable set of action names. For every
a € A, we have the corresponding conjugate action,
@€ A suchthata # aanda = a, as in CCS [14].
Letters a, b, @, ... will be used to denote the elements
of A.

o £ = B(A), will represent the set of finite multisets
of elements in A (multiactions). Given a € L, by
a(a) we will indicate the number of instances of a in
a. In particular, we consider that ) € £, which is used
to specify the execution of a multiaction that does not
contain any visible action names.

o We define the alphabet of o € £ by:
Aa) =gef {a € Al a(a)> 0}

e Relabelling functions f : A — .4, which preserve
conjugates, i.e.: Va € A, f(a) = f(a). Only bijective
functions will be considered.

e We define the set of stochastic multiactions by
SL =45 {<a,r> |a € L andr € RT}. We
allow the same multiaction o € L to have different
stochastic rates in the same specification.

e Synchronization of multiactions
a®q B =qer v, Where:
(b){oz(b)—l—ﬁ(b)—l ifb=aVvb=a
M= a(b) + B(b) otherwise
which is only applicable when ¢ € «anda € 3, or
a€aanda € S.

2.1.1 Static s-expressions

Static s-expressions are used to describe the structure of a
concurrent system, while dynamic s-expressions describe
the current state of a system (they correspond to unmarked
and marked Petri nets, respectively). As a system evolves
by executing multiactions, the dynamic s-expression de-
scribing its current state changes; this is captured by means
of both overbars and underbars that decorate the static
s-expression. Static s-expressions of sPBC are those de-
fined by the following BNF expression:
E = <ar> |BE|EQE|E|E|E[f]|
Esya|Ersa | [a: E]

where <, r> stands for the basic multiaction (simultane-
ous execution of all the actions in «, after a delay that fol-
lows a negative exponential distribution with parameter r).
E ; E, stands for the sequential execution of F; and Es,
while £, O E5 is a choice, [f] is the relabelling operator,
and rs the restriction over the single action a. The paral-
lel operator, ||, represents the (disjoint) parallel execution
of both components, as in PBC, i.e., there is no synchro-
nization embedded with it. Synchronization is captured by
the operator sy, thus the process E sy a behaves in the same
way as F, but it can also execute some new multiactions,
generated by the synchronization of a pair of actions (a, a).
Finally, [a : E] is a derived operator (scoping), which is
defined by [a : E] = (E sy a) rsa.

2.1.2 Dynamic s-expressions

The operational semantics of sPBC is defined by means
of dynamic s-expressions, which derive from the static
s-expressions, but annotating them with either upper or
lower bars to indicate the active components at each instant
of time.

G:= E|E|GE|E;G|GOE|EQG|G|G|

Glf]|Gsya|Grsalla:G]
The informal interpretation is exactly the same as in PBC,
i.e., E indicates that the static s-expression E has been ac-
tivated (its stochastic multiactions can be executed) which
represents the initial state of F; and, £ means that the
static s-expression E has finished its execution (it can ex-
ecute no more stochastic multiactions) which is the final
state of £. These dynamic s-expressions will be denoted
by G, H, G, ..., and the set of dynamic s-expressions is
called DynExpr.



2.2. Operational Semantics

The operational semantics of sSPBC is defined in a similar
way to PBC.

2.2.1 Inaction rules and structural equivalence

Inaction transitions are introduced in PBC to establish the
active components of a dynamic expression. For instance,
an inaction rule for the parallel operator of PBC is:

E|F-LE|F
which means that in order to activate the parallel composi-
tion we have to activate each one of its components. But

these transitions do not correspond to any dynamic change
of state, being considered reversible, which is captured by

the introduction of the reverse transition, L Thus, an
equivalence relation is defined:
0

0 *
= =g (—U—)

As a consequence of that, all dynamic expressions in the

same class behave in the same way. Inaction rules for sSPBC
are those defined in Tables 1 and 2.

Examplel Let E = (<{a},5>;FE1)O(<{a},5>; Es),
where E,, E, are static s-expressions, then G = E is not
operative, and we can reach two different operative dynamic
s-expressions from G

G1 = <{a},5>; E1 O (<{a},5>; Es)

G2 = (<{a},5>; E1)O<{a},5>; Fy

2.2.2 Rules defining the stochastic transitions

We define the operational semantics by means of rules from
which we derive transitions of the form:

G G’ with <a,r>€ SC

Rules defining the stochastic transitions are those pre-
sented in Table 3, together with those corresponding to the
synchronization operator, which will be described in detail
below. We assume that all the dynamic s-expressions that
appear on the left-hand side of each transition in the rules
are operative.

<a,r>
—

EF-2EF EF- Y ET EF Y EF
EoF - For EOF - EoF  EOF % BOF
EOF - EOF  EF -E|F  E|E-% E|F
ml’ﬁ[ﬂ E[f]i’@ ESyaLfsya
Esyal»Esya Ersal»ﬁrsa Ersal»Ersa

Table 1. Inaction rules (1)

G <o,r> G/
® s S) =
<a,r> — <a,r> G, F — G;F
s _H =TH Ry ¢ % G aadA)
E';H<ﬂ>>E;H’ Grsa <25 G'rsa
<a,r> / <a,r> /
Ry —CE —C o o E)y G — G
Glf] T @) GoOF ~257 ¢'ar
<a,r> / <a,r> /
€ o ey GG
EOH ~=5%" EOH' G||H ™= G'||H
<o,r> v
(€ Ao
G|H — G|H

Vope{;,0},G-Lq
op(E,G) > op(E,G")

Vope{;,0},G-5a
op(G, E) % op(G', E)

el leNaye
alfl % 1) G1) Gs - G ||Go
G LR G5 Yop € {sy, rs}, G BNV

G1) G2 % Gy |G op(G,a) -2 op(G',a)

Table 2. Inaction rules (I1)

It is noteworthy that in our case the arrow direction be-
comes more important. It will allow us to define an ade-
quate class of “canonical” dynamic s-expressions that we
call operative dynamic s-expressions. Thus, a dynamic
s-expression G is operative if it is not possible to apply
any inaction rule from it. It is not difficult to see that
from any non-operative dynamic s-expression GG, we can
always reach some operative s-expression; but, in general,
this will not be unique. The set of the operative dynamic
s-expressions will be denoted by OpDynExpr.

Table 3. Stochastic transition rules (I)

2.2.3 Synchronization

Since rules C1 and C2 are the only ones applicable to the
parallel operator we conclude that we cannot execute two
multiactions at the same time. Thus, in order to adequately
define the semantics of the synchronization we need to cap-
ture all the possible sets of bags of stochastic multiactions
that can be executed concurrently for any operative dynamic
s-expression.

Definition 1 The following function

BC : OpDynExpr — P(B(SL))

defines the set of bags of concurrent stochastic multiactions
of an operative dynamic s-expression in the following way:

o If G € OpDynExpr is final (i.e. G=E), we take
BC(G) = 0.

o If G € OpDynFEzpr is not final:



- BC(<ars) = {{<a,r>}}

_ Ify € BC(G), then: v € BC(G; E), v € BC(E;G),
~v € BC(EOG), v € BC(GOE), v € BC(Grsa)
(when a,a ¢ A(y)),y € BC(Gsya), f(v) €
BC(G[f]).

- Ify1 € BC(G), v, € BC(H), then~; € BC(G||H),
Y2 € BC(G|H), 71 +72 € BC(G| H).

- v € BC(Gsya), and <a,r1>, <B,ry> € v (with
either < a,r; >#< (3,19 > or they are two different
instances of the same stochastic multiaction in ), with
a € A(a), and @ € A(B), then: v/ € BC(Gsya),
where:

Y = (v + {<a &4 B,min(ri,r2)>}) \
{<a, 1>, <ﬂ, 7”2>}
O

We may now define the rules for the synchronization op-

erator (Table 4). Rule Syl is quite obvious, it captures the
fact that the synchronization preserves the behaviour of G,
while rule Sy2 captures the synchronization of two multi-
actions <aq, 71>, <as, ro> Which are executed consecu-
tively (but drawing up some inaction rules in the meantime
in order to get a new operative dynamic s-expression).

<a,r>

vy —C A
sya — Hsya

(Sy2) With {<ai,m>, <ag,r2>} € BO(G1 sy a),
anda € A(a1),a € A(ae):

<ap,r1> 0 <ag,rg>
LU Gasya (—) Gosya "2 Gasya

Gisya

<aj@®qoao,min(ry,ro)>
Gisya . Gssya

Table 4. Rules for the sy operator

Proposition1 [12] Given an operative dynamic
s-expression G, v € BC(G), and any serialization of the

stochastic multiactions of v: < ay,r1 > ... <ay,r, >,
there exists a transition sequence:
G <oz14,'r)1> Gl (L)* G,{ <a24,r)2> o (i})* G:L_l <ozL,'r>n> G/

Moreover, all dynamic s-expressions G’ obtained by the
serialization of -y are equivalent with respect to =.

Proof: By structural induction, taking into account that G
is operative. O

Definition 2 Given two dynamic s-expressions GG, H, such
that G = G’ and H' = H, with

;) <ap,ri> ; <ag,r2>
G —_— G1 EGl = ..

/ <Op,Tn> /
 Gno1 =Gl ST g

We will say that H is a dynamic s-expression derived from
G, and we will denote by [G) the set of all the dynamic
s-expressions that can be derived from [G]=. O

Now, we present the transition system defining the oper-
ational semantics of SPBC, whose states are the equivalence
classes of dynamic s-expressions, with respect to the = re-
lation.

Definition 3 Let G be a dynamic s-expression. We define
the (multi)-transition system associated with G by ts(G) =
(V, A, vo), where:

o V ={[H]=|H € [G)} is the set of states
e vy = [G]= is the initial state

e A is the multiset of transitions, given by A =
{([H)=, <a,r>, [J]2) |H €[G) A H 5T}
O

Note 1. In order to compute the number of instances of
each transition ([H]=, < a, 7>, [J]=) in A, we will con-
sider the essentially different ways in which we can derive
such stochastic transition. For instance, for the following
dynamic s-expression G = <a,r> O <a, 7>, We have
two essentially different ways to obtain < «, r >, since to
do so we can apply either rule E1 or E2. But we have used
the expression “essentially different” because we must be
careful with the use of the synchronization rule Sy2, since
each application can be carried out in two different ways de-
pending on the order in which the two involved stochastic
multiactions are executed. It is clear that in this case both
derivations are essentially the same, so that we will only
count one of these two ways of getting the transition. We
can solve this problem by enumerating the stochastic multi-
actions from left to right, in the syntax of the s-expression.
Then, when we apply rule Sy2, the new stochastic multiac-
tion will be identified with the concatenation of the number-
ing of the corresponding stochastic multiactions involved in
the synchronization, but if we detect that this numbering
has been previously obtained, by a previous application of
rule Sy2, although in different order, we only consider this
transition once.

The race policy governs the dynamic behaviour of the
system when two or more stochastic multiactions are simul-
taneously enabled. Consequently, the stochastic process as-
sociated to the evolution of each dynamic s-expression £
is a Continuous Time Markov Chain (CTMC). Thus, once
we have the transition system of £ we can generate the cor-
responding CTMC: which is done by modifying the multi-
graph ts(E) combining in a single edge all the edges con-
necting the same pair of nodes; these new edges will be
labelled by the sum of the rates of the combined edges.

3. The new proposal for Synchronization

In order to motivate our new proposal for the synchro-
nization in sSPBC, let us look at the following s-expressions:



F =<a,r>0<a,re>0...0 <a,rp>

Fy =<a, 2?217"1'>
According to the race policy that we apply to resolve the
choice, we obtain for both dynamic s-expressions, £
and E,, the same delay for executing the multiaction «,
r = 3, r;. Inconsequence, the CTMCs obtained from the
transition systems of E; and E, would be the same, and
thus we may consider that both s-expressions are stochasti-
cally equivalent. This is captured by the following defini-
tion.

Definition4 Let G; and G, be two dynamic
s-expressions, and their corresponding (multi)-transition
systems:

tS(Gl) = (Vl,Al,U(l))

tS(GQ) = (%,AQ,U%)
We will say that G; and G are stochastically equivalent
(G1 ~ Gs) ifand only if:

e There exists a bijective function ¢ : V; — V5, such
that p(vd) = v .

e For all (v, <a,r>,v]) € A; there exists (¢(v1),
< ay8 >,6(v))) € Az such that ¢ (v, v]) =
902(¢)(Ul)7 a, (725(11/1)) .

e Forall (vy, <a,7>,v4) € A, there exists (¢~ (ve),
<a,s>,¢0 1(vh)) € Ap such that po(ve, o, vh) =
®1 (é_l(UQ)a Q, ¢_1(UI2)) .

where (,Oi(’Ui,Oé,’U,E) = Z{l Ty | (U’ia<a77nj>7u£) € Ai ]},
fori=1,2. a

Notice that o;(v;, o, v}) is the addition of the rates for
all the edges in ts(G;) from v; to v} labelled by . As we
may have several edges labelled with the same rate, this is
the sum corresponding to a multiset.

Then, the following dynamic s-expressions will be stochas-
tically equivalent:

By = <{a},2> ~ FEy= <{a},1>0<{a}, 1>
R = <{a},3> ~ I = <{a},1>0<{a},2>
Furthermore, we also have:
_ E|R ~E|R
(Er][ F1)sya # (B2 F2)sya
because (E; || F1)sya can make only one transition

labelled by < 0,2 >, and (Es || F2) sya can make four
different transitions labelled by <@, 1>.

In order to solve this problem, we propose a new seman-
tics for the synchronization, inspired on the apparent rates
introduced in [8] for PEPA, although there are remarkable
differences with that proposal, because using that proposal
it is not possible to obtain a static translation into Petri nets,
and the rates of transitions depend in some cases on the
marking of the net (see [15]).

3.1. Operational Semantics

We need to restrict the syntax of sSPBC to those terms for
which no parallel behaviour appears at the highest level in
a choice. This restriction slightly reduces the expressive-
ness of the language, since we could prefix parallel oper-
ators appearing at the highest level of choice by an empty
multiaction, the time of which can be interpreted as the time
required for the system to instantiate the new processes.
Terms fulfilling this restriction will be called regular terms,
either in static or dynamic s-expressions, and our new op-
erational semantics is only defined for them. Then regu-
lar static s-expressions E' are those static s-expressions of
sPBC fulfilling:

<a,r> | D;E | Dsyal|Drsa|D[f] |
[a: D] | DOD

<a,m> | E;E | Esya|Ersa| E[f] |
[a:E|]|E|E|DDOD

D =
E =

A dynamic s-expression is regular if the underlying static
s-expression is regular, and the set of the regular operative
dynamic s-expressions will be denoted by ReOpDynEXxpr.

This restriction is introduced in order to guarantee that,
the order in which the rule for the synchronization is applied
does not affect the final value that we obtain for the rate of
the new stochastic multiaction (this will be later illustrated
with an example).

In order to precisely define this new operational seman-
tics of sSPBC we just need to change rule Sy2, according
to our new proposal for the synchronization. We first need
to define for every regular operative dynamic s-expression
G the multiset of associated conflicts for every instance of
a stochastic multiaction * < a,r >; executable from G-
Conflict(G, < a,r>;). We will omit the subindex ¢, if it
is clear from the syntax which instance of <, r> we are
considering.

We also define the conflict rate for G and <«, r>;, denoted
by cr(G, <a,r>;), as follows:

er(G, <a,r>;) = Z Tj

<o,r; > € Conflict (G,<a,r>;)

Finally, we slightly modify the definition of BC for G sy a,
in the following way:

o IfveBC(Gsya) and <aq,r;>, <ag,re> €7 (With
either <ay,r1 >#<ag, 9> or they are two different
instances of the same stochastic multiaction in ), with
a € A(aq) and @ € A(az), then:

v € BC(Gsya), where:

IWe can differentiate each instance of a stochastic multiaction <c, >
by enumerating their occurrences from left to right in the syntax of G.



"}/ = (')/ + {<Oél,7"1> Da <C¥2,T2>})\
{<ai,ri>, <ag,re>}
being <ay,71 > By <ag,ro>=<ay Py g, R>,
with R defined as follows:

T1 T2

cr(Gsya,< ay,ry >)

m%,né { CT’(G sy a, <y, Tl>)}
i=1,

In this definition we compute as rate of the new
stochastic multiaction the minimum of the conflict rates of
<a,r1>, <a,r9> for G sy a, weighted by a factor. It is
important to observe that stochastic multiactions involved
in a parallel operator will not be considered as in conflict,
which is a remarkable difference with the semantics for the
synchronization in PEPA [8]. Then, the new rule for the
synchronization is shown in Table 5.

(Sy’2) Let{<aq,r1>,<ag,re>} € BC(G sy a),
a € A(ay), a € A(az), then

<oq,r1> D \x <ag,ra

Gsya —=~ Gisya (—)" Gisya 2727 Gy sya
<a1€BLa$,R>

Gsya Giasya

T1 . T2 .
cr(Gsya,<ai,r1> cr(Gsya,<az,r2>)
min {cr(Gsya, < ai,ri >)}

=1,

with R =

Table 5. The new proposal for sy

Conflict(G, <a,r>;) is the multiset of the stochastic mul-
tiactions in conflict with G for the instance ¢ of the stochas-
tic multiaction <«, >, which must be executable from G.
It is defined as follows:

Definition 5 We define the following partial function:
Conflict : ReOpDynEzpr x SL — B(SL)

in a structural way, but let us observe that G cannot be final

(G # E), because we are assuming that <a, r> is exe-

cutable from G.

1. Conflict (Ra, 7>, <a,r>) = {<a,r>}

2. If <a,r> is executable from G, and C
Conflict (G, <a,r>), then:

(@) Conflict (G5 E,<a,r>) =
Conflict (E; G, <a,r>) = C,

(b) Conflict (G||H, <a,r>) =
Conflict (H||G, <a,r>) =

(c) Ifa,a & A(a), then
Conflict (Grsa,<a,r>) = C,

Cn

er(G sy a, < ag,rg >) .

(d) For a bijective function f,
Conflict (G[f], <f(a),r>) = f(C),
(e) For the choice operator we need to distinguish
the following cases:
- G #E, Conflict( GOF,<a,r>) =
Conflict (FOG,<a,r>)= C
- IfG=E, Conflict(GOF,<a,r>) =
Conflict (FOG,<a,r>) =
C + {<a,r;> |3H; € OpDynExpr,

<a,Ty

H;=F and H; 257 H!}
(f) Conflict (Gsya,<a,r>)= C,

3. Let <aq,r1>,<ag,re>€ BC(Gsya), a € A(aq),

€ Alaz) and Gsya <o1 @ ag,Raz> o
tained by rule Sy’ 2. Then:

"sya ob-

CO?lﬂiCt(G sy a, <oy Dg a2, R12>)

{|<C¥1 Dq a2, Rij> | <oy, ri>€ Cl, <ag,r;>€ CQ,
with

T Trj
cr(Gsya, < ag,r; >) . er(Gsy a, < ag,To >).
mi712 {er(Gsya, <a;,mi>)} |}

=1,

considering C; = Conflict(G sy a, <a;,r;>), i = 1, 2D.
Notice that Conflict(G, <«,r>;) is a partial function,
it is only defined if < o, r >; is executable from G, and
it is well defined. The only case requiring some expla-
nations is that of G sy a with a stochastic multiaction ob-
tained from a synchronization: <y @, as, Ri2>, since
we need to compute cr(Gsy a, <a;,7;>), fori = 1,2. But
notice that this is a well-founded recursive definition, and
thus Conflict (Gsy a, <ay1 ®q a2, Ri12>) is well defined.
Now we show an example which motivates our syntac-
tical restriction, i.e., it will raise the problem that appears
when we consider a parallel behaviour inside a choice.

Example 2 Let us consider the following non-regular and
operative dynamic s-expression:

G = ((<fa}, r1>|<{a}, r3>)0 <{a}, ra>)[<{a,a}, r2>) sya
It follows that
{<{a},r1>,<{a,a},ro>,<{a},r3>} € BC(G)
Then, according to the definition of BC, we also have
v ={<{a},r1>,<{a}, Ra3>} € BC(G)
where Ro3 = —"3— -min(rs, 73 +r4). However, not every

r3+ra

serialization of ~y is possible from G, because <{a}, Ra3>
cannot be executed from G, where ¢ <127 ¢, and

G1 = (((<{a}, ri>||<{a}, r3>)0 <{a},rs>)||<{a,a},m72>)sy a

Actually, we can execute < {a}, Rh; > from Gy, with
Rl23 = min(rg, 7“3), and R23 7& R/23 O



The following results show that if we consider a regular
and operative term G of sPBC, any serialization of a bag
of concurrent stochastic multiactions of G is possible, and
the multiset of conflicts for any stochastic multiaction ex-
ecutable from G is preserved along the chain of operative
dynamic s-expressions obtained. All proofs can be found in
[11].

Proposition 2 Let G be a regular operative dynamic
s-expression and v = {<a1,r1>, <ag,r2>} € BC(G),
with:

<«i,r1>
—

G H(-Loyr g <223
Then: Conflict(G, <ag,r2>) = Conflict(H*, <ag,r2>)
O

Corollary 1 Take a regular operative dynamic s-expression
G, v € BC(G), and any serialization of the stochastic mul-

tiactions of v: < ay,r1 > . <ag,re> ... <y, TR > .
There exists a transition sequence:
G<a1_,7")1>G1( ) G* <ag, 72>...(L)*G;‘171 <Qp,Tn> o

with Conflict(G, <a;,r;>) = Conflict(G}_,, <a;,1>),
fori = 2,...,n. Moreover, all dynamic s-expressions G’
obtained by the serialization of - are equivalent with respect
to =. 0

The following results shows that it does not matter the
order in which the different multiactions that are synchro-
nized are executed. And from this, in the transition system
we only consider one of these possibilities. Let us observe
that we construct the labelled (multi)-transition system of
any regular dynamic s-expression G in the same way as
in Def. 3, i.e., we remove redundant transitions, using the
same procedure as in Note 1. The race policy is still applied
in order to decide which stochastic multiaction is executed
when several of them are simultaneously possible, and we
can also define the CTMC of G in the same way.

Proposition 3 Let G be a regular operative dynamic
s-expression, v = {<aq,r1>,...,<an, >} € BC(G),
and a serialization of ~:

<0(1 1> <(¥2,I2> <Oy ,Tn>

G Gl( )*Gy Gp,
for which we may apply n — 1 times rule Sy ’2 thus obtain-
ing a single transition:
G

<B,R>
Gn

Then,

P S S,
B (H cr(G <Oék77"k>)) U {er(G sy a, <ar,m>)}

=1,...,

Furthermore,

cr(G,<B,R>) = k_nln'n/ {er(Gsya, <ag,ry>)} -

Corollary2 Let G be a regular operative dynamic
s-expression, v = {<aq,r1>,...,<ap,r,>} € BCO(G),
and two permutations of the set {1, ..,n} : {41, -+ ,4,} and
{1, yint Assuming that there are two serializations:

G Gl( ) G et a,
G G’( )Gy G,
From which we may apply n — 1 times rule Sy’2 (for the
same actions ag, .. ., a,—1 possibly repeated, but the same
number of times for both cases), thus obtaining a single

. R R,
transition for each case: ¢ %%~ ¢, and ¢ <7257 o1
Then: G, =G, and <G, R;> = <f;,R;>. O

<o¢11 Tig > <o¢12 Tig >

<0‘J1 3T > <Qjy Ty > <O‘Jn Tjn >

Example 3 Let us recall our introductory example:

E; = <{a},2> ~ Ey= <{a},1>0<{a},1>

= <{a},3> ~ F = <{a},1>0<{a},2>
where By | Fy ~ Eq|| F .
proposal, we also have:

(Er[IF)sya ~ (B2|| F2) sya

because (E; || Fi)sya can make only one transition
labelled by < (),2 >, and (E; || F2)sya can make the
following four different empty transitions, for which the
sum of the rates is 2: <0, 1>, <0, 2>, <0, >, <0, 2> .
i

Now, according to our new

3.2. Denotational Semantics

Now, we present a denotational semantics for
s-expressions, which is obtained taking stochastic Petri nets
as plain boxes. Therefore, the semantic objects that we use
will be called stochastic Petri boxes or just s-boxes. Thus,
these s-boxes are essentially SPNs, but they have the same
structure as Petri boxes of PBC. These boxes of PBC are
labelled Petri nets fulfilling some restrictions. Concretely,
they are labelled Petri nets ¥ = (S,7,W,\), where
(S, T, W) is a Petri net, and X is a labelling function, which
labels places with values from {e, i, z}, representing entry
places, internal places, and exit places respectively; and
transitions with elements in B(£) x £. By convention, °%
and >° will denote the set of e-labelled places and the set
of x-labelled places, respectively. Given a place s € S, we
will denote by ®s (s®) the set of input (output) transitions
of s (called preconditions and postconditions of s respec-
tively). A similar notation is used for preconditions and
postconditions of transitions. Both can be easily extended
to sets of places and sets of transitions. Then, our boxes are
defined to be labelled simple nets such that the following
conditions hold: °% # () #£ X°, *(°X) =0 = (X°)*and
VteT : *t£0#t* A *tnt*=0.\¢)isarelation
which associates elements of £ to bags of multiactions.
A box is said to be plain when for every t € T A(t) is a
constant relation, i.e., an element of L.



Definition 6 A plain stochastic Petri box (or just plain
s-box) is a tuple ¥ = (S, T, W, A\, n), where (S, T, W, \)
is a plain box, and p» : T — R7 is a stochastic function,
which associates a rate to every transition. O

A plain s-box can be either marked or not. We will de-
note by M. the marking in which only the entry places are
marked (each one with a single token); on the other hand,
M, will denote the marking in which only the exit places
are marked, each one with a single token. Thus, a plain
s-box is essentially a kind of labelled stochastic Petri net,
whose behaviour follows the classical firing rule of SPNs.
We will say that a safe s-box X is clean if all markings
reachable in (3, M,) satisfy ¥° C M = X° = M.

3.2.1 Algebra of s-boxes

Now we are going to adapt the denotational semantics that
we introduced in [12] for the new proposal of synchroniza-
tion. We will preserve the semantics objects (the s-boxes),
but now we will need more information, concretely for each
transition that we obtain compositionally, we need to know
which transitions are in conflict with it, in order to com-
pute its conflict rate. That can be easier if we enumerate
the stochastic multiactions from left to right, in the syntax
of the regular static s-expression, and we preserve this enu-
meration in the corresponding transitions of the Petri net.
Only in the case of synchronization we can obtain some new
transitions. They will be enumerated with the concatenation
of the numbering of the transitions (stochastic multiactions)
that it comes from.

In order to define the semantic function that associates a
plain s-box with every regular term of finite SPBC, we need
to consider the following functions:

n:T—N* and kT — P(N*)

where 7(t) stands for the number of transition ¢ according
to our criterion (enumeration from left to right, and con-
catenation in case of synchronization), and x(t) is the set
of transitions in conflict with ¢. These functions will be de-
fined in a structural way, as we construct the corresponding
plain s-box.

For each transition ¢ € 7', we also define its correspond-
ing conflict rate, and we denote it by cr(¢):

> ult)

n(t;)en(t)

er(t) =

Then, the structure of the net is obtained as in PBC, com-

bining both refinement and relabelling. Consequently, the

s-boxes thus obtained will be safe and clean. Therefore, the

denotational semantics for regular static s-expressions can

be formally defined by the following homomorphism:
Bozs(<a,r>;) = Nea,r>,

Bozs(op(Er, ..., En)) = Qop(Bozs(Eh),. .., Boxs(Ey))

As previously mentioned, we have also to define », « for
every operator of finite SPBC.

e Bors(<a,r>;) = Negr>, =

t;

O—Fas—0

taking n(t;) =4 and k(t;) = {i}.

For the remaining operators of finite SPBC the corre-
sponding operator s-boxes are shown in Fig. 1, where the
relabelling functions p,, C B(SL) x SL that appear in
that Figure are defined as follows:?2

e pia ={{<a,r>} <a,r>)| <a,r>€ SL}

o o) = {({<a,r>}, <f(a),r>) | <a,r>€ SL}

e prsa = {({<a,r>}<a,r>)| <a,r>€ SL A

a,a ¢ Aa)}

cha

Leya
QNQT gyaT T

Q= (&)

p[f Q.=

Figure 1. The operator s-boxes for finite sPBC

Thus, the corresponding semantic functions are defined
as follows, where Boxs(E;) = (S, T, Wi, Ai, i15) 1S the
plain s-box corresponding to F; and »; , «; the enumeration
and conflict functions for 7,7 = 1, 2.

e Boxs(E1; Ez) = Q. (Boxs(E1), Boxs(Es)). Notice
that this definition does not introduce any new con-
flicts, and neither new transitions. Then we take:

1(t) ifteT
n(t) = { Zg(t) if ¢ € Ty

ift ey
2We separate the definition of psy o, which will be presented later,
when we formally define Boxs(E1 sy a) .




o Box,(E || E2) = Q(Boxs(Er), Boxs(Fs2)). nand
k are defined in exactly the same way as in the previous
case.

Boxs(E1[f]) = Qpy (Boxs (E1) ). Since we are only
changing the label of some multiactions and we only
consider bijective functions, we are preserving both
the conflicts and the enumeration, thus:

n(t)=m() tel

Ii(t) = Iil(t) te T1

Boxs(E1 O FEs) = Qn(Boxs(E1), Boxs(Es)). No
new transitions are introduced with this operator, so
the enumeration of transitions is preserved. How-
ever, it is clear that this operator will introduce some
new conflicts. Specifically, those transitions in T3
having their preconditions in °Boxs(E;) are in con-
flict with those transitions in 7> with preconditions
in °Box(FE2). Since we are working with regular
terms Box,(E1) and Boz(E->) will have a single en-
try place, and thus Boz,(E; O E3) will have a single
entry place too. Formally:

_ 1(t) ifteT
n(t) _{ ZQ(t) ift € Ty

k() =

k1(t) Uke(t) ifteTi, *t €°Boxs(Er), It € T,
*t' € °Boxs(E2), A(t) = A(t')

k1 (t) ift € Tv, °t € °Boxs(E1), At € Ty,
*t' € °Boxs(E2), A(t) = A(t')

Kll(t) ift e Tl, °t QOBO.TS(EH)

Kg(t) ] lﬁl(t,) ifteTs *te OBOZ'S(EQ), It e T,
*t' € °Bozs(E1), A(t) = A\(t)

Kg(t) ifteTs *te OBOZ'S(EQ), Bt, e Ty,
*t’ € °Bozs(E1), A(t) = A(t)

Kg(t) ift e Tg, °t QOBOZ'S(EQ)

Notice that «(t) is well defined for the first and fourth
cases, because r2(t’) coincide for every ¢/ € Ty,
*t’ € °Boxs(F2), A(t) = A(t'), and respectively for
the other case.

Boxs(E1rsa) = Qpsq (Boxs (E1)). With this def-
inition we remove all transitions labelled with a mul-
tiaction including the action a (or a). Thus, this does
not affect the enumeration of the remaining transitions,
neither does the conflict set of the remaining transi-
tions, because let us remember that all transitions in
x(t) must be labelled with the same multiaction.

77@) - Ul(t) ,teTr, avd ¢ A(t)
K(t)=kr1(t), t€T1, a,a & A(t)

e Boxs(E1sya) = Qgyq (Boxs (E1)). We take the

following relation for the synchronization: ps,, C
B(L) x L, as the least relabelling relation containing
paq Tulfilling:
T,a+{a}) € psya AN (A,B+{a}) € psya
then (T'+ A, a+ ) € psya

Thus, psy « allows us to obtain the net structure, as well
as the multiactions labelling the transitions. Now, for
everyty,to € Ty, )\(tl) =+ {a}, )\(152) =03+ {d},
a new transition ¢ is generated by the synchronization,
whose label is « + 3, and its rate is computed as fol-

lows: ) (t2)
Ml—l-u—Q-mincr 1),cr(ts
er(ty) cr(te) (or(tr), er(t2))
Moreover,

n(t) =m(t1) - m(tz)
k(t) = k1(t1) ® k1(t2) =
{n1.n2|n1 € k1(t1), na € Ka(t2) }

Notice that in order not to introduce redundant transi-
tions, we only consider in the plain s-box a single one
of the possible transitions that we obtain by synchro-
nizing (in different order) the same set of transitions.
Furthermore, those transitions that were in 77 have the
same label, rate, enumeration and conflict as they had
in Box,(E1).

Example 4 Let E=(<{a},m1> || <{a,a},r2> |[(<{a},rs>
0O <{a},r4>)) sy a be aregular static s-expression. Its cor-
responding plain s-box is depicted in Fig. 2, with:

n(t) =1, K(t1) = {1},
n(t2) =2, K(t2) = {2},
n(ts) = 3, k(t3) = {3,4},
n(ts) =4, r(ta) = {3, 4},
n(ti2) = 1.2, K(t1.2) = {1.2},
n(ta.3) = 2.3, k(ta.3) = {2.3,2.4},
n(t2,4) =24, Ii(tg 4) {2 3, 2.4},
N(t1.2.3) = 1.2.3, k(t1.2.3) = {1.2.3,1.2.4},
n(t1,2_4) =1.24, Ii(tl 2. 4) = {1 2.3,1.2. 4},
Riz = min(ri,r2)
Ros = 53— - min(rz,rs +14)
Roy = rgrfm ~min(ra,r3 + ra)
Rizs = 25— -min(r1,r2,13 4 14)
Ri24 = W;T“M -min(ri,r2,m3 + 14)



2% >
<{a}, Ras >[< {4}, Roy >

/)

"E

</
A ]
</ |

Figure 2. plain s-box corresponding to £

Theorem 1 For any regular static s-expression £, the tran-
sition system ts(F) associated to E, and the reachibility
graph of the marked SPN (Boz ;(E), M. ) are isomorphic.

Proof It is clear that at the functional level we have the
same isomorphism as in PBC, once we take a total order
semantics both in the algebra and for s-boxes. Now, since
in both semantics conflicts are solved by applying the race
policy, and as the stochastic multiactions obtained in the
algebra and the corresponding transitions in the plain s-box
are labelled with the same rate, both behave in exactly the
same way. O

4. Conclusions and Future Work

sPBC is a stochastic extension of PBC, which was pre-
sented in [12]. In the first part of this paper we have summa-
rized the main results of that work. We may observe that an
important difference with respect to PBC is that in SPBC a
total order semantics has been considered, although we still
keep parallelism at the level of multiactions.

In this paper we have introduced a new proposal for the
synchronization in sSPBC, with the goal to obtain a stochas-
tic equivalence relation. We have defined both an oper-
ational and a denotational semantics for this new version
of sPBC, and we have seen that they are equivalent. The
stochastic equivalence relation presented in this paper al-
lows us to identify some processes with the same behaviour,
such as:

E =<a,r>0<aq,r>0...0 <a,r,>
FEy =<a, 2?217"1'>

However, this relation is not yet a congruence, because
we need to capture some additional information, such as
the termination and the distinction between parallelism and
choices. Then, our current work is focused on the defini-
tion of an adequate stochastic equivalence relation on sPBC,
with the intention of keeping (as far as possible) the classi-
cal laws of PBC. A preliminary version of this work can be
found in [11].

We also intend to extend our results to the infinite case,
by including both iteration and recursion. Finally, we will
introduce some additional capabilities, such as urgent mul-
tiactions.
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