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Abstract. Petri Box Calculus (PBC) is an algebraic model for the de-
scription of concurrent systems and sPBC (stochastic Petri Box Calcu-
lus) is a Markovian extension of that model. In this paper we define
several equivalence relations for regular terms of sPBC, with the final
goal to obtain a congruence.
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1 Introduction

PBC (Petri Box Calculus) [3-6] is a model for the description of concurrent sys-
tems, its operators have been selected in such a way that it is relatively easy
to define a denotational semantics based on a class of labelled Petri net, called
bozes. In particular, synchronizations are separated from the parallel operator,
by including a new operator (sy), in contrast to the way in which the syn-
chronization is handled in classical process algebras, such as CCS [15], where
the synchronization is embedded in the parallel operator. We know two timed
extensions of PBC, namely tPBC [8] and TPBC [14], which consider a deter-
ministic model of time. Our proposal, sSPBC (stochastic Petri Box Calculus) is
a Markovian extension of PBC.

In sPBC each multiaction (multiset of actions) has associated a random de-
lay, which follows a negative exponential distribution. Thus, a (basic) stochastic
multiaction is represented by a pair < a,r >, where « represents a (classical)
multiaction of PBC and r € RT is the parameter of the associated exponential
distribution. As for stochastic Petri nets [1], in case of conflict we adopt the
race policy, i.e., whenever two or more stochastic multiactions are possible, the
fastest one is executed. The denotational semantics of sSPBC is defined using as
semantic values a special class of stochastic Petri nets, which are called s-boxes.
As a consequence of the introduction of a continuous distribution (negative ex-
ponential) to measure delays of multiactions, the probability for two or more
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stochastic multiactions to be executed at the same time is zero. Then our oper-
ational semantics satisfies the Total Order Assumption (TOA) [2]: all execution
sequences of observable multiactions are totally ordered by precedence, in contrast
to the partial order semantics (true concurrency) of PBC.

The goal of this paper is to define a stochastic equivalence relation in sPBC
that will be proved to be a congruence. A previous work in sSPBC was presented
in [13], where we introduced a first version of finite sSPBC, not including recursion
and iteration operators. There we saw that for the new multiactions generated by
the application of the synchronization operator, we needed to select a parameter
governing the corresponding exponential distribution. Several criteria could be
applied to do that selection. We concluded that intuitively a good option could
be to take as the value of the parameter the least of the values involved in the
synchronization. But using that definition there are some important problems
in order to define an adequate stochastic equivalence relation, which has moti-
vated a new proposal for the semantics of the synchronization operator (see [12]
for more details). This is not the only change required to obtain a congruence
relation; we also need to introduce some new rules in the operational semantics
of sSPBC, as well as a special class of transitions and some additional informa-
tion labelling the stochastic transitions. With the new rules we will be able to
distinguish between processes that reach their final state and those that are not
able to do that. The new special transitions allow us to capture those pairs of
stochastic multiactions that could be executed in parallel. They will be called
ghosts transitions, since they will not be used to evolve in the labelled transition
system in the usual way; they are only included in order to capture the possible
execution in parallel of two stochastic multiactions.

The rest of the paper is structured as follows: in Section 2 we present an
overview of sPBC (for a fully description, the reader is referred to [13,12,11]).
The equivalence relations on sPBC and the congruence are presented in Section
3. Finally, Section 4 contains some conclusions and some hints for our future
work.

2 Stochastic Petri Box Calculus

As in plain PBC, static s-expressions are used to describe the structure of a
concurrent system, while dynamic s-expressions describe the current state of
a system (they correspond to unmarked and marked Petri nets, respectively).
Static s-expressions of sPBC are those defined by the following BNF expression:
E :=<a,r> |E;E|ECQE |E||E|E[f]|Esya|Ersa | [a: E]|[E *x E x E|
where < «, 7 > stands for the basic multiaction, which corresponds to the simul-
taneous execution of all the actions in «, after a delay that follows a negative
exponential distribution with parameter r. E; ; Fs stands for the sequential ex-
ecution of E; and Es, while F7 O F5 is the choice between its arguments, E|[f] is
the relabelling operator, and E rs a denotes the restriction over the single action
a, which generates a process that cannot execute any stochastic multiactions
< a,r > with the multiaction « containing either the action a or a. The parallel



operator, ||, represents the (independent) parallel execution of both components,
where as in PBC there is no any synchronization embedded in the operator. Syn-
chronization is introduced by the operator sy and it is based on CCS [15], thus
the process F sy a behaves in the same way as F, but it can also execute those
new multiactions generated by the synchronization of a pair of actions (a,a).
[a : E] is the derived operator scoping defined by [a : E] = (F sy a) s a. Finally,
the iteration operator [Ey * E5 * E3] represents the process that performs Ej,
then executes several (possibly 0) times Fs, and finishes after performing Ej.
In this paper we do not consider the recursion operator because it requires a
more sophisticated treatment, as it occurred in plain PBC. However, we do con-
sider the iteration operator, and some infinite behaviours can be described if we
adequately combine it with the restriction operator.

We will denote static s-expressions by letters: E, F, E;,..., and the set of
static s-expressions by StatEzpr. However, we need to restrict the syntax of
sPBC to those terms for which no parallel behaviour appears at the highest
level in a choice or in the two last arguments of an iteration. Terms fulfilling this
restriction will be called regular terms, and the operational semantics will be
only defined for them. This restriction is introduced in order to guarantee that
the moment in which the rule for the synchronization is applied does not affect
the value that we obtain for the rate of the stochastic multiaction obtained as
result of a synchronization (see Examples in [12,11]).

The operational semantics of sPBC is defined on dynamic s-expressions G,
which derive from the static s-expressions, annotating them with either upper
or lower bars, which indicate the active components of the system at the current
instant of time. Thus, we have:

G:=E|E|G;FE|E;G|GOE|EOG|G|G|G[f]|Gsya|Grsal
_ [a:G]|[G* ExE||[E*G=x E]|[Ex E xG]
where E denotes the initial state of E, and E its final state. We will say that a
dynamic s-expression is regular if the underlying static s-expression is regular.
The set of regular dynamic s-expressions will be denoted by ReDynFEzpr.

The operational semantics of sPBC is defined in a very similar way to that
of PBC [3,4,6], it can be found in [11]. Due to the lack of space we cannot
include the rules, but we present a brief description of the two kind of rules
it has. Firstly, the inaction rules [11] are introduced in order to establish the
active components of a regular dynamic s-expression and by means of them we
capture the equivalence of regular dynamic s-expressions. We say that a regular
dynamic s-expression G is operative if it is not possible to apply any inaction rule
to it. We will denote the set of all the operative regular dynamic s-expressions
by OpReDynEzpr. Considering the inaction rules and the reverse transitions,
we define the structural equivalence relation for regular dynamic s-expressions
as follows: N (L U L)*

As usual, we denote the equivalence class of G with respect to = by [G]=.

The other kind of rule is the stochastic transition, which has the following
form:
<o,r>
—

G G



where G is an operative regular dynamic s-expression. Again, you may find in
[11] the set of rules that define the stochastic transitions. For that purpose two
functions must be defined, BC' and Conflict, whose technical definitions can
also be found in [11]. The function BC' gives us all the possible sets of bags
of stochastic multiactions that can be executed concurrently by an operative
regular dynamic s-expression:

BC : OpReDynExpr — P(B(SL))

On the other hand, the function Conflict allow us to obtain those stochastic
multiactions <a,r’> which are in conflict (or competition) with a stochastic
multiaction <a,r> executable from an operative regular dynamic s-expression

G: Conflict : OpReDynExpr x SL — B(SL)
Notice that we only need to consider those stochastic multiactions in conflict
executing the same multiaction « (but possibly with a different rate).

An important consequence of the rules defining the stochastic transitions is
the following. Taking:

E=<ar>0<ar>0...0<a,r,> and F=<a > 1>

we obtain for E, F the same delay for executing the multiaction a: 7 = o T
Thus, the CTMCs obtained from the transition systems of E and F' are the
same, and we can consider that both s-expressions are stochastically equivalent.

Definition 1. We define the labelled (multi)transition system of any regular
dynamic s-expression G, ts(G), by ts(G) = (V, A, vg), where:
— V ={[H]z|H € [G)} is the set of states, vp = [G]= is the initial state.
— A is the multiset of transitions, given by:
A={ (H=,<a,r>, [J=)|He[G) A H™2 T}
where [G) ={G}U{H’ € ReDynEzpr |3 < aj,ri >,...,<ap,r, > with
G=G """ G =G, "2 . Gua=G, , ™% H=H}
In order to compute the number of different instances of each transition
([H]=, < a,r>,[J]=) in A, we consider equivalent all the different ways to de-
rive the same stochastic transition (see [12,10]). Then, when we apply the syn-
chronization rule in order to obtain a new stochastic transition, the generated
stochastic multiaction can be annotated with the concatenation of the number-
ing of the stochastic multiactions involved in the synchronization!, so that when
we detect that a permutation of the numbering has been already obtained by a
previous application of the rule, then that new stochastic transition will not be

considered. U

Notice that the race policy will govern the dynamic behaviour of the system
when two or more stochastic multiactions are simultaneously enabled. Then,
due to the fact that we use exponential distributions, the stochastic process
associated with the evolution of any regular dynamic s-expression E, which can

be easily obtained from ts(F), (see [13]), is a Continuous Time Markov Chain
(CTMC).

! We can enumerate the stochastic multiactions from left to right, in the same order
as they appear in the syntax of the s-expression.



3 Equivalence Relations

In this section we follow similar steps to those presented in [4] for PBC in
order to find an appropriate definition of congruence. Due to the peculiarities
of sPBC with respect to others stochastic process algebras (the evolution of
a dynamic s-expression is indicated by means of overbars and underbars, the
synchronization is separated of the parallel operator, the presence of multiactions
and the multiway synchronization, and also a special approach to obtain the rate
for the synchronization), it is necessary to consider a different mechanism in order
to obtain a congruence relation to that presented in other stochastic process
algebras [7]. Firstly, we observe that the simple notion of isomorphism between
transitions systems is not a congruence in sPBC, as the following example shows:

Ezample 1. Considering FEi =< {a},r1 >, F1 =< {a},m1 >;<{b},ra>1rsbd
then we may construct ts(E7) and ts(Fy) as follows:

- B

Both labelled transition systems are isomorphic, but if we consider:
E; = Ey;<{ct,rs>, Fo=F;<{c},r3>
we obtain that ts(Fy) is not isomorphic to ts(Fb). U

To solve this problem we need to distinguish between dynamic s-expressions that
are in its final state (as E), and those that have not yet reached its final state
(as G in the figure). Then, we capture the termination by extending the labelled
transition system with two new transitions (Table 1). We take 0 as the rate for
Skp, which intuitively means that it will be never executed, and we take co as
the rate for Rdo, which means that it would be immediately executed whenever

it becomes enabled.
Table 1. Rules Skp and Rdo

(Skp) E <s@>0> E
(RdO) E <redi>oo> E

We will denote by ts2(E) the labelled transition system that we obtain by adding
these two new rules. For instance, for Fq, F; defined in Example 1, we obtain
that now tso(E1) and tso(F)) are not isomorphic. However, this is not yet enough
to get a congruence in sPBC, since we cannot distinguish between parallelism
and choice, as the following example shows.

Example 2. Let us consider:
Es =<{a},r > || < {a},r >, Fs=<{a},r><{a},r> 0 <{a},r>;<{a},r>
Then, tso(E3) and tsy(F3) are isomorphic, but taking Ey = F3sya and Fy =

F; sy a, we have that tso(FEy) ancﬁsz(ﬁ) are not isomorphic anymore, because
we have a new transition in tsa(Ey) obtained by synchronizing, and we do not

have any new transition in tso(Fy). O



Therefore, we need some additional information in the labelled transition
systems, by means of which we will be able to distinguish those transitions that
have been obtained from a parallel operator, and therefore are later usable for a
new synchronization. This is why we include a new kind of transitions, which we
call ghosts transitions. They do not represent a possible evolution of the system,
but instead they represent potential executions of pairs of stochastic multiactions
in parallel, which would only become real if the corresponding synchronization
operator is later applied. Since we need to capture the possible execution of two
stochastic multiactions in parallel, we simply distinguish these transitions by
annotating them with the corresponding stochastic multiactions over a dashed
arrow. The rule that introduces this new kind of transitions is that presented in
Table 2. Note that for each concurrent bag {< ay,r1 >, < az,72 >} € BC(G)
we would get two different transitions

<ap,ri> || <azre> <az,ro> || <oy ri>
- -

G Gy and G 5
But again, we will only include in the labelled transition system one of them, as
we did for the synchronizations.

Table 2. Ghost transition rule

(ghost) Let {< a1,r1 >, < ae,r2 >} € BC(G)
G <oz1_,'r)1> Gl (L)* GT <oz2_,'r)2> G2

<ai,r1> || <agro>
G -—=> G2

We now define a new transition system of E, for each regular static s-expression
FE, taking into account the ghost and Skp and Rdo transitions.

Definition 2. Let E be a regular static s-expression. We define t53(E) by:

tss(E) = (VU{[E]=}, AU Asr U Ag,v9), where ts(E) = (V,A,v), and:
— Ay = {([E]=, < skip,0>,[E]=), ([E]=, < redo, 00 >, [E]=)}

<a,r>||<B,s>
-—>

7Ag:{|([H]Ea<avr>||<535>3[J}E)|H€[F>3H J]} O

Then, we may now introduce another notion of isomorphism (2¢) between regular
static s-expressions.

Definition 3. For any pair of regular static s-expressions £ and Fs, with:
ts3(B1)=(VE U {[Ei]=}, APr U AZr U Afl,vgl), with ts(E):(VEl,AEl,vgl)
tsg(Ba)=(VE2 U {[Ea)=}, A2 U AE2 U A52,v§2), with ts(E):(VE2,AE2,v§2)
we write By & FEs, if there is a bijective function:

such that h: VELU{[E]=} - VP U{[By)=}

— h(vg") = vy?, h([Er]=) = [E]

— P wbr e VB

APL (B <o, r > wP) = AB2(h(vEY), < a,r >, h(wP1)),

AZ (0P, <ayr > || < By > wPh) = AP (R(0P), <a,r > || < 8,5 >), h(w))
O



So, if we consider again the processes in Example 2, then we can check that
ts3(F3) and ts3(F3) are not isomorphic, because we have a ghost transition in
ts3(Es5) which does not appear in ¢s3(F5). Consequently, E3 % Fs.

The equivalence defined by 2 is basically the same that we had for plain
PBC. This relation is in fact a congruence in plain PBC, but not in sPBC, as
the following example demonstrates.

Ezample 3. Let us consider the following static s-expressions:

Es = [f: ((<{a, f},1>0 <{f},3>)[I(<{a,f},2> 0 <{f},3>))],

Fs =<{a},1> 0 <{a},2>
Their corresponding transition systems are isomorphic. However, if we now con-
sider: Es = (Bs|| <{a},1>)sya, Fs = (Fs5| <{a},1>)sya
It is easy to prove that Fg % Fg, because in t53(F6) we have in particular two
edges connecting Eg with Es, both with label <), 1 >; while in t53(F6) we also
have two edges connecting Fg with Fg, one of them labelled by < (,1/3 >, and
the other one by < @,2/3 >. This is because < {a},1 > and < {a},2 > are in
the same set of conflicts in t33(F6), but in t53(E_5) they are in different conflict
sets. o

From the previous example we conclude that we need to expand the transition
system in order to capture the conflict information at any state. In order to
introduce our new definition of the transition system we need the following
lemma (its proof can be found in [10]). From now onwards, we consider each
stochastic multiaction with its corresponding numbering: then, as said before,
we enumerate the stochastic multiactions from left to right in the syntax of the
s-expression and, if the stochastic multiaction is obtained by synchronization,
then we take the concatenation of the numbering of the stochastic multiactions
involved in the synchronization.

Lemma 1. Let G € OpReDynFEzpr and < «,r >, executable from G. Then,
VG' € OpReDynExpr, G' = G, such that < o, r >, is also executable from G/,
we have Conflict(G', < a,r >,,) = Conflict(G, < a, T >,). m]

This lemma allows us to define for all G € ReDynFExpr:
Conflict(|G)=, < a,r >,) = Conflict(G', < a,r >,,)
taking any operative G’ € [G]=, such that < a,r >,, is executable from G’.

The new transition system is now defined, which is structurally identical
to tss, but each stochastic transition is now labelled with the corresponding
stochastic multiaction, its numbering and the conflict set it belongs to. Ghost
transitions are also the same that we had in ts3, but the involved stochastic
multiactions are annotated with their numbering. It is important to observe that
these little changes do not modify the interpretation that we make of transition
systems, i.e., we have exactly the same evolutions that we had in ts3, we are
only including some additional information that will be needed when we define
the stochastic equivalence.



Definition 4. Let E be a regular static s-expression. We define the new tran-
sition system of E by: nts(E) = (V U{[E]=}, Ays U A U Ay, vp), where
-V={[H]=|H e [E)}, v = [E]=,
- Aa ={(H]=, < a,7 >n.c,[J)=) | H € [E), H 2= J, with
C = Conflict([H]=, < a,7 >,)}
- Ay = {([E]=, < skip,0>,[E]=), ([E]=, < redo, 00 >, [E]=) }

— <a,r>n || <B,5>n,
-Ag={(H]z,<a,r>y, || <B,s>n,[J]=)|H € [E),H - J}

O

Notice that in the particular cases of skip and redo we do not need to introduce

neither the numbering nor the set of conflicts, so that we have maintained these
two edges as in tss.

Definition 5. Let E be a regular static s-expression, with
nts(E) = (VU{[E]=}, Ag U A5y UAg,v0) and (v, < a7 >,.0,w) € Ag.
Then, we define the conflict rate of C by rc(C) => {r; | <a,r; >, € C},
and we will denote the set that consists of the sets of conflicts at the state v with
respect to the multiaction o by C(v,a) = {Cj | (v, < a,r; > c;, wr) € Ag}.
We also define the transition rate from v to w with respect to the multiaction «
and the set of conflicts C, by r(v, o, C,w) = > {rj| (v, <, 7 >p.c,w) € Ay }
O

The definition of the equivalence relation ~ follows:

Definition 6. For any pair of regular static s-expressions F1, Ey, with:
nts(Er) = (V1 U{[Ex=}, A2 UAD U AT vg"),
nts(En) = (V52 U{[Ba]=}, AZ* U AL U AJ2, v5")
We will say that F7 and E5 are stochastically equivalent, and we will denote it
by E1 ~ Es, if there exists a bijective function:
¢ VB U{[E]=} - VP U{[Ea=}
and for all pair (v, a) such that C(v, ) # 0, there exists a bijective function:
hv,a : C(v,a) = C(é(v), ), such that rc¢(C;) = re(hy,o(Cj)), VC; € C(v, o)
fulfilling the following conditions:
— ¢([Er]=) = [Es]= and ¢([Er]=) = [Ey)=

— Taking ¢(v?) = 02, p(w') = w?, hy1 o(C1) = C} and 1 5(C2) = C%, then:
- If (vl <a,r1 >a,0,wh) € APL then Js1,n/ such that
(v, < a, s >nt ol w?) € AP2 with r(v!, o, C1,wt) = r(v?, a, O, w?).
- If (0% <, s >ty ,w?) € AP2 then 3ry,ny such that
(!, <a,m1 >0, wh) € AP with r(v? a, ), w?) = r(v!, a, C1,wh).
- I (v <oy >a, || <Bre >p,,wt) € Afl, then
. H(Ula <Q,T1 >ny,0c ;xl) € Afl7 H(Ula <67T2 >ny,Co ;yl) € AaEl7
. Is1,52,n),nh such that (v, <a,s1 >n || <6, 52 >y, w?) € Afz, with
(’UQ, <, 81 >, ,(b(ajl)) € Af2 A (’UQ, < B, s2 >nt.Cl ,qb(yl)) € AaE2.
SIF (02, <y s > || < By s2 >y, w?) € A252, then:
" 3(1)2, <a, 81 >n’1,C{ ,1’2) € Agza 3(1) a<6752 >n’2,C§ 7y2) € AEZ,
. 371,72, n1,n2 such that (v!, <a,r1 >n, || <B,72 >n, ,wt) € Afl, with
(v, <a,m1 >n,0,,07H(2?) € ABY A (01, < B ma >np00, 0 (YP)) € ADEl.



Corollary 1. The pairs of regular static s-expressions (E, F') that verify E ~ F
have isomorphic CTMCs. 0

Ezample 4. Let us consider again the static s-expressions of Example 3:

Es = [f: ((<{a, f},1>1 0 <{f},3>2)[(<{a, f},2>s O <{f},3>4))],
Fs =<{a},1>1 O <{a},2>2

Their corresponding transition systems (nts(E5) and nts(F5)) are the following:

< skip,0 > < skip,0 >

<a,1>140.4)

It follows that

<a,1>1 1.2y

C e 1B

< redo, 00 > < redo, 00 >

C([E_5];, a) ={{<{a},1>14},{<{a},2>23}},

C([F5]=,a) = {{<{a},1>1,< {a},2>2}}

nts(Es) = nts(Fs) =

Therefore, there cannot be a bijection between C([Es)=,a) and C([F5]=, a), and
consequently, F5 4 Fj. O

Ezample 5. The following static s-expressions are stochastically equivalent:

E; =<{a},2> ~ Fr=<{a},1>0<{a},1>,
Es =<{a},3> ~ Fg=<{a},1>0<{a},2>

Furthermore, E7||Es ~ F7||Fs, and taking By = (E7||Es) sy a, Fo = (F7||Fs) sy a,
we also have Fgq ~ Fjy. O

The following theorem states that ~ is indeed a congruence relation. Its proof
is large and a bit tedious, it can be found in [10].

Theorem 1. Let Eq, F5, E, E' be regular static s-expressions such that E; ~ F».
Then:

E\;E~ Ey;E,E;El ~ E; By, E||E ~ E|E, E|Ei ~ E| Es,
FiOFE ~ E,O0F , E0OF, ~ EQFEy,E1s8ya ~ Essya, F1rsa ~ Esrsa,
Eq[f] ~ Ex[f] (for a bijective function f), [E1 * E' * E] ~ [Ey % E' % E],
[E' « By xE] ~ [E' « B xE|,[E' * E«E1| ~ [E' x E % Es]. 0O

4 Conclusions and Future Work

sPBC is a stochastic (Markovian) extension of PBC, presented in [13]. In this
paper we have considered a new definition of the semantics of the synchronization
operator [12], which is based on the so called conflict rates, with the goal to
define an adequate stochastic equivalence relation, which is a congruence. We
have considered a new class of labelled transition systems, in which we have
introduced some new transitions: Skp, Rdo and the ghosts transitions; and also



some additional information capturing the conflict information. With the rules
Skp, Rdo we can distinguish between s-expressions that reach their final state
and that are not able to do that. On the other hand, with the ghosts transitions
we can difference a parallel of a choice. All of them, as well as the conflict
information will not be used to evolve a process in the usual way, they are only
included in order to obtain an adequate equivalent relation ~, that it is indeed
a congruence.

Our current work on the subject is focussed on the definition of a stochastic
bisimulation based on the probabilistic bisimulation initially introduced in [9],
and to prove that it is indeed a congruence too. Furthermore, we are trying to
extend our results considering the complete set of operators (i.e., including the
recursion operator). Finally, our intention is also to introduce in the model some
additional capabilities, such as immediate multiactions.
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